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1. INTRODUCTION 
We consider singularly perturbed two-point boundary value problems which are mathematical  
models of diffusion-convection processes or related physical phenomena. The diffusion term is 
the term involving the second-order derivative and the convective term is that involving the 
first-order derivative. In many practical problems, the coefficient of the second derivative term 
is small compared to the coefficient of the first deriw~tive term. Examples of these are heat 
transport  problems with large Peclet numbers, Navier-Stokes flows with large Reynolds numbers, 
and magneto-hydrodynamic duct problems at high Hartman numbers. These problems are at 
the parabolic-hyperbolic or parabolic-elliptic interface, and thus, exhibit some of the features of 
the differential equations. Depending on the nature of the coefficients of the first and second 
derivative terms we may have either boundary or interior layers for the related turning point 
problem. 
Consider the following singularly perturbed turning point problem: 
Ly - ¢y" + a(x)y' - b(x)y = f(x) ,  on [:Ol, P2], 
(1.1) 
Y(Pl) = ?']5, Y(P2) =- 112, 
where, a(x) is assumed to be in C2[pl,p2], b(x), and f (x)  are required to be in C 1 [Pl, P2], 'ql, ~12 
are given constants, p] _< O, p2 > 0 (usually Pl = -1  and P2 = 1), 0 < E <~ 1. Moreover, 
a(O) = o, d (o )  < o. (1.2) 
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In order that the solution of (1.1) satisfies a maximum principle, we require that 
b(z) > O, b(O) > O. (1.3) 
Also b(z) is required to be bounded below by some positive constant b, i.e., 
b(cc) >_ b > O, (1.4) 
to exclude the so-called resonance cases [1]. We also impose the following restriction which 
ensures that there are no other turning points in the interval [Pl,P2]: 
a'(O) 
la'(x)l >_ ~-  , .~: ~ [Pl,P'2]. (1.5) 
(If there is no first derivative term but if b(x) changes sign then also turning point occurs, 
conventionally termed as classical turning point.) 
Under these conditions (1.2)-(1.5), the turning point problem (1.1) has a unique solution having 
two boundary layers at a: = Pl and x = P2. 
It is known that the most classical methods fail when c is small relative to the mesh width h 
that is used for discretization of the operator L. 
The turning point is simple if a(x) vanishes at x = 0 and is called a multiple turning point, if 
not only a(x) but its first derivative as well vanishes at x = 0. Simple turning point problems have 
attracted the most attention of all turning point problems, both analytically and numerically. 
The present work deals with the simple turning point problems. However, for multiple turning 
point problems, one can see, e.g., [2,3], etc. 
There are three principle approaches to solve such problems numerically, namely, the finite- 
difference methods, the finite-element methods, and the spline approximation methods. A rigor- 
ous analysis based on comparison function approach (using finite difference techniques) can be 
found in [2]. Kellogg [4] solved these type of problems using Allen-Southwell difference schemes. 
Farrell [5] derived sufficient conditions for uniform convergence. Sun et al. [6] used Galerkin finite 
element methods for such problems, whereas, Surla et al. [7] solved them by taking a linear com- 
bination of the two spline difference schemes: El Mistikawy and Werle (EMW) scheme of [2] and 
improved El Mistikawy and Werle (IEMW) scheme of [8]. Other results for numerical methods 
for turning point problems have been obtained in [9 11]. 
In this paper we have used the third approach, namely, the spline approximation method, 
to solve the problems of type (1.1). To reduce the volume of computations, we introduce a 
nonuniform mesh in the boundary layer regions and uniform outside these regions. 
There are two possibilities to obtain small truncation error inside the boundary layer(s). The 
first is to choose a fine mesh there whereas, the second one is to choose a difference fornmla 
reflecting the behaviour of the solution(s) inside the boundary layer(s). Present work deals with 
the first approach whereas, the second one is currently under the investigation of the authors. 
Since the spline difference scheme has the same order of precision and the same matrix structure 
on the uniform and on the nonuniform grid for a fixed c, we used this property for singularly 
perturbed problems. This enables us in modifying of the distribution of mesh points to the 
properties of the exact solution. 
In Section 2, we give a brief description of the method. The deriw~tion of the difference scheme 
has been given in Section 3. Meshes are chosen according to the mesh selection strategy given in 
Section 4. In Section 5, the second-order accuracy of the method, in the case of twin boundary 
layers, is shown. ~lb demonstrate the applicability of the proposed method four numerical ex- 
amples have been solved in Section 6 and the results are presented along with their comparison 
with the results obtained by using uniform mesh. Our numerical results show that the same 
order of convergence, as in the case of twin boundary layers, is obtained in the cases of only one 
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boundary layer (either to the left end or to the right end of the underlying interval) also. Finally, 
the discussion on these numericM results is presented in Section 7. 
2. DESCRIPT ION OF THE METHOD 
The approximate solution of the problem (1.1) is sought in the form of the cubic spline function, 
which on each interval [xj_~, xj], denoted by Sj (x) and will be defined as follows. 
Let 
t 
x0 = p~, xj = Pl + ~ h .... j = l(1)n, tbn = xm - x,~-l ,  x,~ = P'2. 
Y7~1 
For the values y(xo), y(xl) ,  .. •, y(xn), there exists an interpolating cubic spline with the following 
properties: 
(i) St(x ) coincides with a polynomial of degree 3 on each interval [Xj_l,Xj], j = l(1)n, 
(ii) St(x ) e C2[0, 1], 
(iii) Sj(x j )  = Y(Xt), j = O(1)n. 
Hence, as in [12], the cubic spline can be given as 
sj(x) - (xt -x )  ~ ~Ia_1 + M~ + :'Jr-, 
6h t 6h t \ hj /I 
(2.1) 
where, 
X E [X j - - I ,X j ]  , h j  = X j  -- X j _ I ,  j = 1(1)n 
alld 
-/lJ t = S('(X 5 j ,  ,j,, j = 0(1)'n.  
Using this spline fhnction, we will derive the difference scheme in Section 3, which will give us 
the approximate solution of y(x). 
3. DERIVAT ION OF THE SCHEME 
Differentiating (2.1) and denoting the approximate solution to y(x) by u(x), we get 
"' - - ( uj - ut-1 ) ( 5lt --~Alt-1) hj (3.1) St(x ) _ (x t x) 2 Mt_~ + (x xt-~)2 Mj + - . 
2hj 2hi " hj 
Since Sj(x) E C2[0, 1], t heretbre, we have 
where 
X',(xj) = Sj+l(Xt), (3.2) 
h t h t + ht+i  h t+ l  _ ,uj+~ - u3 ut  -~t  1 
~ ]~lj-1 + 6 ~ft q- - -~  ZIlt+l ]t t + 1 hj ' (3.3) 
2;(j = 1 (.f) aj@ + bjuj) . (3.4) 
"Faking the Taylor series expansion for u around xj and neglecting tile terms containing third- 
and higher-order terms, we get the following approximations for Uj+l and u j - l :  
t ]l"~4-1 t! 
"ltj+ 1 ~-~ i t j  q- hj+lU t q- T ?~j' (3.5) 
, h~ , ,  
Uj-I ~ ?tj -- hjuj q- -7  uj.  (3.6) 
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From equations (3.5) and (3.6), we get 






U; = [hjUj+l - (hi + hi+t) uj - h j+lUj_ l ] .  
h jh j+l  (hi + hj+l) 
f l It ttj+ 1 ~ Uj -}- hj+ltt j
' ' -- h ju j .  Uj_  1 ~ U j  




! 2 1 [h j _F l t t j _ , ,  (hj ~_hS+l)2tt j_~ (h 2 @2h jhs+l ) , l t j+ l ]  
uJ+i ~ h jh j+l  (hj + hi+l) 
(3.11) 
and from equations (3.7), (3.8), and (3.10), we get 
, 1 ' 2 
h jh j+ l  (hj @ hj_F1 ) [-- (h32'+1 nL 2h jh j+ l ) t t J -1  - (hj 4- h j+t )2t t j  - l t j t t j+ l ]  . it j _ l  (3.12) 
Therefore, using (3.3), (3.4), (3.7), (3.11), and (3.12), we obtain the difference scheme 
Ruj =QZj ,  j=  l(1)n - 1, (3.13) 
where, 
Q& = + q z, + q+zj+l, 
71, 0 = 0~0~ "U, n = 0~1~ 
2hj + hj+l hj+l /Z~+l h6Z) j c 
6(hj + hi+l) aj-1 + -~ j  aj - 6hj(hS + hj+l) aj+l + __ by-1 h j '  
2hj+l + hj hs+l r!- = h~ tts aj aj+l + ~ bj+t - - -  
3 6hj+l(h s + hj+l) aj-1 - 3hj+l 6(hi + hS+l )
2 -- h 2 hj + hj+l hj + hj+l hj + hj+l hs+l aj + aj+l + 
r~ -- 6hs+ 1 aj-1 3hjh j+l  6hi 3 
E 
h j+l ' 
bJ ÷ ~,S +- - '  h j+ l  
q~ -- hj q+ _ hj+t c hj + hj+l (3.14) 
6 '  6 ' q J -  3 
4.  MESH SELECT ION STRATEGY 
We form the nonuniform grid in such a way that more points are generated in the boundary 
layer regions than outside these regions. 
Let the concerned interval on which the problem is to be solved is [pl,p2], where Pl < 0 
and P2 > 0. Let 5 denotes the width of the boundary layer. 
We have three cases. 
CASE I. There are two boundary layers (one at both ends). 
CASE II. There is one boundary layer at the left end. 
CASE III. There is one boundary layer at the right end. 
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First, we consider the case of two boundary layers. 
In this case, we have three subintervals 
[Pl, P l  -[- 5], [Pl ~- 5, P2 -- 5], and  [P2 - 5, P2]. 
Let r~.l, 712, and 713 be the number of points in these subintervals, respectively, such that  na + 
n2 + ?13 = n and nl = na. Further, let the positive constants lZl and K be known. Then we 
generate the mesh as follows. 
On the interval [Pl, Pl + 5], the grid is nonuniform and is defined as follows: 
Now, let 
h j : t z j - l+ I ( [~t  min(]t2-1,c ) ,  j = 2(1)n~. 
n l  
0=Za,, 
j= l  
5 
q~- : ,  
q 
hj = qlzj, j = 1(1)hi. 
On the interval [Pl -t- 5,p2 - 5 ] ,  the grid is uniform and is defined as follows: 
(p2  - p~ - 25)  
hj  = , j = it 1 Jr- 1, n l  + n2. 
?12 
On the interval [P2 - 5, P2] the grid is the mirror image of the grid on [PI, Pl + 5], and therefore, 
will be given by 
hj  = hn+l_ j ,  j = 711 q- ?12 q- 1, n. 
and define 
X0 = Pl ,  
Xj  = X j _  1 -[- h j ,  j = 1(1)71. 
Now we consider the second case, in which there is one boundary layer at the left end of the 
underlying interval. 
In this case, we have two subintervals, viz., 
[P l ,P l  + (~] and [Pl + 5,p2]. 
Let ?~tl and n2 be the number of points in these two subintervals, respectively, such that  nl +n2 = n. 
We define nonuniform mesh in the interval [Pl,Pl + 5] in a similar manner as we did in the first 
case and then in the subinterval [Pl + 5, P2] we define uniform mesh which will be given by 
(P2 -- Pl -- 5) hj - , j = nl + 1, n. 
712 
Finally, we consider the third case in which there is one boundary layer at the right end of 
the underlying interval. Unlike the second case, in this case we consider the following three 
subintervals: 
[/)1, Pl + 5], [Pl + 5, P2 -- 5], and [P2 - 5, P2]. 
As in tile first case, here also we define nonuniform mesh in the interval [P I ,P l  + 5]. Then we 
take its mirror image in the interval [P2 - 5, P2] and since we need fine mesh near right end only, 
therefore, we define uniform grid in the interval [Pl, P2 - 5]. 
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5. PROOF OF THE UNIFORM CONVERGENCE 
For the error analysis of the problems having twin boundary layers, we have used the compari- 
son functions method developed by Kellogg and Tsan [13] and Berger et al. [14]. Analysis for the 
case of only one boundary layer (either to the left or to the right end) can be done analogously 
(see, e.g., [14], for details). By a coml)arison function we mean a function ¢ such that L~b~ > 0, 
-N  < i < N. and 4)+N > 0, where L is a differential operator and N is a positive integer. These 
fimctions are used together with the maximum principle to convert the bounds on truncation 
error to I)ounds on descritization error. 
For the sake of simplicity, we consider Pl = -1  and P2 = 1. Also, throughout he paper M 
will denote positive constant which may take different values in different equations (inequalities) 
but that are always independent of h and e. 
This method uses the following two lemmas [141. 
LEMMA 5.1. N.IAX1MUM PRINCIPLE. Let {/tj} be a set of values at the grid points x j, satisfy- 
ing ~0 ~ 0, u,, < 0; (uo - -u (x  = -1) ) ,  and Ruj >_ 0, j = l(1)n - 1, then 'u.i < 0, j = 0(1)n. 
LI~MMa 5.2. It'Kl(h.,a) > 0 and K2(h,c) > 0 are sud~ that 
R(ICl(h,c)¢j + I(2(h.,c)(aj) >_ R(±ej)  : +To(y), 
for each j = 1, 2 , . . . ,  n - 1, then the discrete maximum principle implies that 
lejl < Iq(h,e) lCyt + K2(h ,e ) lq l ,  
,,,h,,re, I't~l = [:J(:rj) - , * j  l, for each j and q5 and '() are two comparison functions. 
\X.)~ use, the following lemma (which is a slite extension of the Lemma 2.4 in [13]), for the 
properties of the exact solution of (1.1). 
LEMMA 5.3. H'y satisfies (1.1), then 
wh(!I'e,~ 
all(] 
: + + 
(cy ' ( -1 ) )  (a ( -1 )  ) 
- (1+. )  , 
w(x) = (cy'(1) a(1) ) exp ( -~-~ (1 - x ) )  ' 
g(k) (x )<2~I{ l+c-~'+ lex i ) ( -2~-~(1-x ) )}  
k 0(1)4, c is some constant and M is a positive constant independent of h and e. 
We use two comparison functions (as in [2]) 
4) = C1 exp -2't1C3 - and ~b = C2 exp' -2r/C3 , 
where, C1, C2, and 7/are constants independent of h and e. 
~.EMARK. The following inequalities hold: 
R¢¢ >_ M, h~ <_ c, 
ReD > Mh~, h~ > c, 
Rdj  >_ M, h~ <_ e, 
R~,~ >_ Mt<, h~ >_ c, 
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where 
hc = max hj (= a constant). 
J 
Now we estimate the truncation error of the scheme (3.13) using (3.14). 
First, consider the case in which hc 2 _< c. 
W~ have, 
r j(y) = ToYs 4- Tlyj + T2yS' + T3yj" + remainder terms, 
where, 
To = (r; + r; 4- r +) 4- (q;bj-1 4- q;bj 4- qfbj+l) 3 
Tl = (]lj+11"~ -- h, j I ' ; )  - {q ; (a j _  1 4-/ l jbj_ l)  4- q;aj 4- q?(aj+ 1 -- ]~,j+ll)j+l) } , 
T2 = r[f 4- - -~  r - c (q; 4- qj 4- q?) 
h 2 h'~+ 14- {q? (h'jaj-I 4- ~-~bj-l) 4-q.jc (-hj+laj-t-I 4-Tbj÷l) } , 
~3 = ~7" ;  -- TF ;  4-£(q?hj  -q?]~,j+l) -q?  ~J a j - i  4---~bj-1 
~ q~ 
Using (3.14) we see that  To = 0, T~ = 0, T2 = 0, and I~.al < Mh~. 
Now fl'om Lemma 5.3, we have 
,,, (a(-1)) 2 { a(-1)(l+xj)} 
1)j = - -  yl (__ 1) exp -- , 
£ £ 
I~(v)l <_ -7 -  exp , c 
h~ { a(1)(l-xj)} 
I~j(w)l <_ M;7  exp , h~ _< c. 




2c(1- xj) }] 
Now 
~-~ (~) _- ~-j (~) + ~-j(~,~) + ~-~(g) 
{ I~j(y)l -< M 7~ 1 + exp 
In the opposite case, i.e., when h~ _> e, we use the following expression for truncation error: 
(h'9+, ,+ h'~ ) 
n(Y) = \ -7  "J - T '7 Y'"(~') + ~ (q; l~j - qU~j+l) <'(¢2) 
} ~-- 6,+~ y'"(~4), 
1,146 
Now 
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:/:j-] < ~i < a:j+l, i = 1 (1)4 .  
h3+l h. a "3_2.__ r+ _ rj- 
16 T 
(l j 
q~7 ~ T aJ-1 4- T I)j-1 ] 
• 3 <_ Mh C , 
< Mh :, 
_ • 3 I~ (q/hi- qffhj+l) l  < Alh~,, 
aj+~ :~-- oj+] <_ Mh.~. 
Using these estimates and the above exI)ression for rj (y), we obtain.the same estimates for ;-j (~,), 
rj(w), and Tj(g) as we,'e in the case of h 2 <_ e. Choosing 
I ( , :h~exp{ 2c(1 ;x j ,}  mM iC2:h.ecext, { 2c( l _ -x j )} ,g  
we see that the Lemma 5.2 is satisfied (in both the cases h~ _< e and h 2 > e), and thus, ,,re have 
proved the following theorem. 
THEOREM 5.1. Let {uj}, j = 0(1)n, be a set of values of the approximate solution to :q(x) 
of (1.1), obtained using (3.13) and (3.14). Then there are positive constants Ct ( -  2c + 2'qUa) 
aim 21i (independent of h and e) sud~ that the tbllowing estimate holds: 
w]lere 
hc = max hj = a constant. 
,1 
6.  TEST  EXAMPLES AND NUMERICAL  RESULTS 
In this section, we present some numerical results which il lustrate Theorem 5.1. 
EXAMPLE 1. (See [15].) Consider 
&y"+2(1-2x)y ' -4y=0;  y (0 )= 1, y(1) = 1, 
whose exact solution is given by 
exp[ 
Characteristics: The equation has a turning point at x = 1/2 and t.he solution has two boundary 
layers (one at both ends). 
EXAMPLE 2. (See [15].) Consider 
<~/" + 2(1 - 2z)V' - 4U = 4(4a: - 1); y(0) - 1, U(1) = 1. 
Exact  solution is not available. 
Characteristics: The equation has a turn'ing point at x = 1/2 and the solution has two boundary 
layers (one at both ends). 
EXAMPLE 3. (See [16].) Consider 
<q" - zy '  = o: u ( -1 )  - 1, y(0.5) = 1.5. 
Exact solution is not available. 
Characteristics: The equation has a turning point at x = 0 and the solution has a boundary 
layer of width O(g) at the left end. 
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EXAMPLE 4. (See [16].) Consider 
cy" -  xy' = O; y(-0.5) = 1, y(1.5) = 2. 
Exact solution is not available. 
Characteristics: The equation has a turning point at x = 0 and the solution has a boundary 
layer of width O(c) at the right end. 
Tables 1-4 contain the maximum errors at all the mesh points 
max lYy - uj l, 
J 
for different n and e, where uj is the approximate solution of (1.1). 
Tab le  1. Numer ica l  resu l ts  for Example  1 (max.  error)  w i th  un i fo rm mesh.  
n= 16 n=64 n= 128 n=256 n=512 n= 1024 
1/32  0 .39E  4- 00  
1 /64  0 .67E  4- 00  
1 /128  0 .88E  + 00  
1 /256  0 .10E  + 01 
1 /512  0 .84E  + 01  
1 /1024 0 .33E  + 02  
1 /2048 0 .92E  + 02  
1 /4096 0 .22E  + 03  
0.37E - 01 
0 .14E + 00 
0.36E + 00 
0.62E + 00 
0.80E + 00 
0.91E 4- 00 
0.97E + 00 
0.10E 4- 01 
0.84E - 02 
0.36E - 01 
0.14E + 00 
0.36E + 00 
0.61E + 00 
0.79E + 00 
0.90E + 00 
0.95E 4- 00 
0.21E - 02 
0.81E - 02 
0.35E - 01 
0.14E + 00 
0.35E + 00 
0.60E + 00 
0.78E + 00 
0.89E 4- 00 
0 .51E - 03 
0 .20E - 02 
0 .80E - 02 
0 .35E - 01 
0 .14E + 00 
0.35E + 00 
0.60E + 00 
0.78E + 00 
0 .13E - 03 
0 .49E - 03 
0 .20E - 02 
0 .79E - 02 
0 .35E - 01 
0 .14E + 00 
0.35E 4- 00 
0 .60E 4- 00 
Tab le  2. Numer ica l  resu l ts  for Example  1 (max.  error)  w i th  about  12.5% mesh po in ts  









n= 16 n=64 n= 128 n=256 n=512 n = 1024 
0.40E + 00 
0 .65E + 00 
0 .16E + 01 
0.44E 4- 02 
0 .28E + 02 
0.63E + 02 
0.14E 4- 03 
0 .28E 4- 03 
0.11E 4- 00 
0 .15E + 00 
0.19E 4- 00 
0.22E + 00 
0.25E + 00 
0.23E + 00 
0.24E + 00 
0.12E + 01 
0.27E - 01 
0.39E - 01 
0.53E - 01 
0.69E - 01 
0.87E - 01 
0.11E 4- 00 
0.12E 4- 00 
0 .14E 4- 00 
0.62E - 02 
0.88E - 02 
0.12E - 01 
0.15E - 01 
0.20E - 01 
0.25E - 01 
0.31E - 01 
0.38E - 01 
0.15E - 02 
0.21E - 02 
0.29E - 02 
0 .38E - 02 
0 .47E - 02 
0 .58E - 02 
0 .71E - 02 
0 .85E - 02 
0 .38E - 03 
0 .53E - 03 
0 .72E - 03 
0 .93E - 03 
0 .12E - 02 
0 .14E - 02 
0 .17E - 02 
0 .21E - 02 
Tab le  3. Numer ica l  resu l ts  for Example  1 (max.  error)  w i th  about  25% mesh po in ts  









n= 16 n=64 n= 128 n=256 n=512 n= 1024 
0.31E + 00 
0.25E 4- 00 
0 .47E 4- 00 
0 .31E 4- 01 
0 .17E + 02 
0 .54E 4- 02 
0 .14E + 03 
0 .31E + 03 
0.27E - 01 
0.39E - 01 
0.53E - 01 
0.69E - 01 
0.87E - 01 
0.11E 4- 00 
0 .12E 4- 00 
0.14E 4- 00 
0.62E - 02 
0.88E - 02 
0.12E - 01 
0.15E - 01 
0.20E - 01 
0.25E - 01 
0.31E - 01 
0.38E - 01 
0.15E - 02 
0.22E - 02 
0.29E - 02 
0 .38E - 02 
0 .47E - 02 
0.58E  - 02  
0 .71E  - O2  
0 .85E  - 02  
0.38E - 03 
0 .54E - 03 
0 .72E - 03 
0 .93E - 03 
0 .12E - 02 
0 .14E - 02 
0 .17E - 02 
0 .21E - 02 
0.96E  - 04  
0 .13E  - 03  
0 .18E  - 03  
0 .23E  - 03  
0 .29E  - 03  
0 .36E  - 03  
0 .43E  - 03  
0 .52E  - 03  
1448 M.  K ,  KADALBAJOO AND K.  C .  PATIDAR 
Tab le  4. Numer ica l  resu l t s  for  Exmnple  1 (max.  e r ro r )  w i th  about  37 .5% mesh po in ts  









n = 16 
0 .1BE + 00 
0 .26E  + 00 
0 .45E  + 00 
0 .75E  + 01 
0 .1BE + 03 
0 .12E  + 03 
0 .21E  + O3 
0 .41E  + O3 
0 .11E  
0 .15E  
0 .22E  
0 .29E  
0 .38E  
0 .47E  
0 .58E  
0 .69E  
64 n = 128 
- 01 0 .27E  - 02 
- 01 0 .39E  - 02 
- 01 0 .51E  - 02 
- 01 0 .68E  - 02 
- 01 0 .86E  - 02 
- 01  0 .10E  - 01 
- 01  0 .13E  - 01 
- 01 0 .15E  - 01 
n = 256 
0 .69E  - 03 
0 .96E  - 03 
0 .13E  - 02 
0 .17E  - 02 
0 .21E  - 02 
0 .26E  - 02 
0 .31E  - 02 
0 .37E  - 02 
n = 512 
0 .17E  - 03 
0 .24E  - 03 
0 .32E  - 03 
0 .41E  - 03 
0 .52E  - 03 
0 .64E  - 03 
0 .77E  - 03 
0 .92E  - 03 
n = 1024 
0 .43E  - 04 
0 .60E  - 04 
0 .80E  - 04 
0 .10E  - 03 
0 ,13E  - 03 
0 .16E  - 03 
0 .19E  - 03 
0 .23E  - 03 
Tables 5 12 contain max imum errors based on the double mesh principle [17] (as for Exam- 
pies 2 4, the exact solutions are not available) 
rt 2n  
I I l aX  / t j  - -  'tt2j . 
0_<j_<n 
Tables 13 15 contain the numerical rate of uniform convergence which is determined as in [17] 
rk,~ = log2 Zk,s ]~ = O, 1,2,  
W t1(_~ I'(L 
hi~2 ~" hi~2 ~+1 
z#.e=max 'zj  -u2 .  ) , k=O,  1 ,2 , . . . ,  
J 
hi~2 ~ and u j denotes the value of u) for the l nesh  length hi~2 k. 
Tab le  5. Numer ica l  resu l t s  for  Example  2 (mm'c  e r ror )  w i th  un i fo rm mesh .  
n = 32 n=64 ~= 128 n=256 n=512 n= 1024 
1 /32  0 .51E  + 00 
1 /64  0 .15E  + 01 
1 /128  0 .32E  + 01 
l /256  0 .52E  + 01 
1 /512  0 .68E  + 01 
1 /1024 0 .80E  + 01 
1 /2048 0 .32E  + 02 
1 /4096 0 ,14E  + 03 
0 .12E  + 00 
0 .50E  + 00 
0 .15E  + 0l  
0 .31E  + 01 
0 .51E  + 01 
0 .66E  + 01 
0 .77E  + 01 
0 .83E  + 01 
0 .27E  - 01 
0 .12E  + 00 
0 .49E  + 00 
0 . t5E  + 01 
0 .31E  + 01 
0 .50E  + 01 
0 .65E  + 01 
0 .76E  + 01 
0 .67E  - 02 
0 .27E  - 01 
0 .12E  + 00 
0 .49E  + 00 
0 .15E  + 01 
0 .31E  + 01 
0 .50E  + 01 
0 .65E  + 01 
0 .17E  - 02 
0 .65E  - 02 
0 .26E  - 01 
0 .12E  + 00 
0 .48E  + 00 
0 .14E  + 01 
0 .31E  + 01 
0 .49E  + 01 
0 .41E  - 03 
0 .16E  - 02 
0 .64E  - 02 
0 .26E  - 01 
0 .12E  + 00 
0 .48E  + 00 
0 .14E  + 01 
0 .31E  + 01 
Tab le  6.  Numer ica l  resu l t s  for  Exmnple  2 (max.  e r ro r )  w i th  about  12 .5% mesh po in ts  
in the  boundary  layer  reg ion .  








n =32 ~=64 ~= 128 n=256 n=512 n = 1024 
0 .14E  + 01 
0 ,16E  + 01 
0 .13E  + 01 
0 .19E  + 01 
0 .27E  + 01 
0 .69E  + 01 
0A8E + O2 
0 .19E  + 03 
0 .38E  + 00 
0 .53E  + 00 
0 .70E  + 00 
0 .86E  + 00 
0 ,97E  + 00 
0 .92E  + 00 
0 .10E  + 01 
0 .36E  + 01 
0 .85E  - 01 
0 .13E  + 00 
0 .18E  + 00 
0 .24E  + 00 
0 ,31E  + 00 
0 .38E  + 00 
0 .45E  + 00 
0 .53E  + 00 
0 .19E  - 01 
0 .29E  - 01 
0 .40E  - 01 
0 .51E  - 01 
0 .68E  - 01 
0 .87E  - 01 
0 .11E+ 00 
0 .13E  + 00 
0 .42E  - 02 
0 .70E  - 02 
0 .99E  - 02 
0 .13E  - 01 
0 .17E  - 01 
0 .21E  - 01 
0 .26E  - 01 
0 ,31E  - 01 
0 .85E  - 03 
0 .17E  - 02 
0 .27E  - 02 
0 .36E  - O2 
0 .47E  - 02 
0 .60E  - 02 
0 .76E  - 02 
0 .98E  - 02 
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Tab le  7. Numer ica l  resu l ts  for Example  2 (max.  e r ror )  w i th  about  25% mesh po in ts  










n=32 n =64 n= 128 n=256 n =512 n= 1024 
0 .40E  + 00 
0 .56E  + 00 
0 .73E  + 00 
0 .88E  + 00 
0 .89E  + 00 
0 .21E  + 01 
0 .29E  + 02 
0 .17E  + 03 
0 .90E  - 01 
0 .14E  + 00 
0 .19E  + 00 
0 .26E  + 00 
0 .33E  + 00 
0 .40E  + 00 
0 .47E  + 00 
0 .55E  + 00 
0 .21E  - 01 
0 .32E  - 01 
0 .44E  - 01 
0 .57E  - 01 
0 .73E  - 01 
0 .92E  - 01 
0 .11E  + 00 
0 .14E  + 00 
0 .54E  - 02 
0 .86E  - 02 
0 .12E  - 01 
0 .16E  - 01 
0 .20E  - 01 
0 .24E  - 01 
0 .29E  - 01 
0 .34E  - 01 
0 .15E  - 02 
0 .26E  - 02 
0 .37E  - 02 
0 .48E  - 02 
0 .61E  - 02 
0 .75E  - 02 
0 .91E  - 02 
0 .11E  - 01 
0 .44E  - 03 
0 .90E  - 03 
0 .13E  - 02 
0 .18E  - 02 
0 .24E  - 02 
0 .32E  - 02 
0 .45E  - 02 
0 .68E  - 02 
Tab le  8. Numer ica l  resu l ts  for Example  2 (max.  er ror )  w i th  about  37 .5% mesh po in ts  









n=32 n=64 n= 128 n =256 n=512 n= 1024 
0 .19E  + 00 
0 .28E  + 00 
0 .38E  + 00 
0 .49E  + 00 
0 .60E  + 00 
0 .15E  + 01 
0 .56E  + 01 
0 .12E  + 02 
0 .44E  - 01 
0 .64E  - 01 
0 .87E  - 01 
0 .12E  + 00 
0 .15E  + 00 
0 .19E  + 00 
0 .23E  + 00 
0 .12E  + 01 
0 .12E  - 01 
0.1BE - 01 
0 .25E  - 01 
0 .32E  - 01 
0 .39E  - 01 
0 .47E  - 01 
0 .55E  - 01 
0 .63E  - 01 
0 .39E  - 02 
0 .61E  - 02 
0 .82E  - 02 
0 .10E  - 01 
0 .13E  - 01 
0 .15E  - 01 
0 .20E  - 01 
0 .24E  - 01 
0 .15E  - 02 
0 .23E  - 02 
0 .31E  - 02 
0 .39E  - 02 
0 .48E  - 02 
0 .58E  - 02 
0 .74E  - 02 
0.1OE - 01 
0 .70E  - 03 
0 .11E  - 02 
0 .14E  - 02 
0 .18E  - 02 
0 .24E  - 02 
0 .33E  - 02 
0 .50E  - 02 
0 .82E  - 02 
Tab le  9. Numer ica l  resu l ts  for Example  3 (max.  e r ror )  w i th  un i fo rm mesh.  
n = 64 n = 128 n = 256 n = 512 n = 1024 n = 2048 








0 .18E  - 02 
0 .70E  - 02 
0 .32E  - 01 
0 .11E  + 00 
0 .17E  + 01 
0 .17E  + 01 
0 .15E  + Ol 
0 .14E  + 01 
0 .46E  - 03 
0 .17E  - 02 
0 .69E  - 02 
0 .32E  - 01 
0 .55E  + 00 
0 .98E  + 00 
0 .10E  + 01 
0 .17E  + 01 
0 .11E  - 03 
0 .42E  - 03 
0 .17E  - 02 
0 .68E  - 02 
0 .22E  + 00 
0 .54E  + 00 
0 .97E  + 00 
0 .15E  + 01 
0 .28E  - 04 
0 .10E  - 03 
0 .41E  - 03 
0 .16E  - 02 
0 .64E  - 01 
0 .22E  + 00 
0 .54E  + 00 
0 .97E  + 00 
0 .71E  - 05 
0 .26E  - 04 
0 .10E  - 03 
0 .41E  - 03 
0 .14E  - 01 
0 .64E  - 01 
0 .22E  + 00 
0 .54E  + 00 
0 .18E  - O5 
0 .65E  - 05 
0 .26E  - 04 
0 .10E  - 03 
0 .33E  - 02 
0 .14E  - 01 
0 .64E  - 01 
0 .22E  + 00 
Tab le  10. Numer ica l  resu l ts  for Example  3 (max.  e r ror )  w i th  about  25% mesh po in ts  









= 64 n = 128 n = 256 n = 512 n = 1024 n = 2048 
0 .12E  - 02 
0 .34E  - 02 
0 .11E  - 01 
0 .32E  - 01 
0 .22E  + 01 
0 .13E  + 01 
0 .19E  + 01 
0 .67E  + 00 
0 .30E  - 03 
0 .95E  - 03 
0 .32E  - 02 
0 .10E  - 01 
0 .51E  q- 00 
0 .12E  + 01 
0 .39E  + 01 
0 .41E  + 01 
0 .76E  - O4 
0 .25E  - 03 
0 .94E  - 03 
0 .32E  - 02 
0 .17E  + 00 
0 .51E  + 00 
0 .11E  + 01 
0 .58E  + 01 
0 .19E  - 04 
0 .65E  - 04 
0 .25E  - 03 
0 .93E  - 03 
0.4OE - 01 
0 .17E  + 00 
0 .50E  + 00 
0 .11E  + 01 
0 .48E  - O5 
0 .16E  - 04 
0 .64E  - 04 
0 .26E  - 03 
0 .90E  - 02 
0 .40E  - 01 
0 .17E  + 00 
0 .50E  + 00 
0 .12E  - 05 
0 .41E  - 05 
0 .16E  - 04 
0 .67E  - 04 
0 .22E  - 02 
0 .89E  - 02 
0 .40E  - 01 
0 .17E  + 00 
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n = 64 
0.14E - 01 
0.65E - 01 
0.22E + 00 
0.55E + 00 
0.14E + 01 
0.16E + 01 
0.13E + 01 
0.15E + 01 
n = 128 
0.34E - 02 
0.14E - 01 
0.64E - 01 
0.22E + 00 
0.19E + 01 
0.15E + 01 
0.14E + 01 
0.16E + 01 
n -- 256 
0.83E 03 
0.33E - 02 
0.14E - 0 l  
0,64E - 01 
0.11E + 01 
0.19E + 01 
0.27E + 01 
0.33E + 01 
n = 512 
0.21E - 03 
0.82E - 03 
0.33E - 02 
0.14E - 01 
0.44E -4- 00 
0.11E + 01 
0.19E ÷ 01 
0.27E + 01 
n = 1024 
0.52E - 04 
0.21E - 03 
0.82E - 03 
0.33E - 02 
0.13E + 00 
0.44E + 00 
0 .11E+01 
0.19E + 01 
n = 2048 
0.13E - 04 
0.51E - 04 
0.20E - 03 
0.82E - 03 
0.27E - 01 
0.13E + 00 
0.44E + 00 
0.11E + 01 
Tab le  12. Numer ica l  results  for Example  4 (max.  error)  w i th  about  25% mesh points  
in the  boundary  layer region. 









0.48E - 02 
0.15E - 01 
0.43E - 01 
0.12E + 00 
0.58E + 01 
0.54E + 01 
0.1BE + 0i  
0.84E + O0 
0.13E - 02 
0.44E - 02 
0.14E - 01 
0.41E - 01 
0.14E ÷ 01 
0,49E + 01 
0.98E + 01 
0.27E + 01 
0.35E - 03 
0.13E - 02 
0.43E - 02 
0.14E - 01 
0.22E + 00 
0.70E + 00 
0.63E + 01 
0.95E + 01 
0.89E - 04 
0.34E - t)3 
0.13E 02 
0.43E - 02 
0.77E - Ol 
0.21E + 00 
0.68E + 00 
0.59E + 01 
0.23E - 04 
0.88E - 04 
0.34E - 03 
0.13E - 02 
0.27E - 01 
0.77E - 01 
0.21E + 00 
0 ,67E + 00 
0.57E - 05 
0.22E - 04 
0.88E - 04 
0.34E - 03 
0.85E - 02 
0.27E 01 
0.76E - 01 
0.21E + 00 
Tab le  13. Numer ica l  results for Example  2 ( rate  of convergence)  w i th  about  25% 









r(O) r(1) ,-(2) ,'(3) ,'(4) avg 
0.19E + 01 
0.16E + 01 
0.92E + 00 
0.12E + 01 
0.15E + 01 
0.29E + 01 
0.56E ÷ 01 
0.57E + 01 
0.22E + 01 
0.20E + 01 
0.19E ÷ 01 
0,18E + 01 
0.17E + 01 
0.13E + 01 
0.12E -t- 01 
0,28E + 01 
0.22E + 01 
0.22E -4- 01 
0.22E ÷ 01 
0.23E + 01 
0.22E + 01 
0.21E + 01 
0.21E + 0l  
0.20E + 01 
0.22E + 01 
0.20E ÷ 01 
0.20E + 01 
0.19E + 01 
0.20E + 01 
0.21E + 01 
0.21E + 01 
0.21E + 01 
0.23E + 01 
0.20E + 01 
0.19E + 01 
0.19E + 01 
0.18E + 01 
0.18E + 0l  
0.18E + 01 
0.17E + 01 
0.21E + 01 
0.20E + 01 
0.18E + 01 
0.18E + 01 
0.18E + 01 
0 .20E + 0 l 
0 .25E + 0 I 
0 ,29E + 01 
Tab le  14. Numer ica l  results for Example  3 ( rate  of convergence)  wi th  about  25(7c 









r (0)  I"(1) r (2)  r(3) r (4)  avg  
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.18E + 01 
0.17E + 01 
0.17E + 0 l  
0 .21E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.19E + 01 
0,18E + 01 
0.17E + 01 
0.16E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 0l  
0.19E + 01 
0.18E + 01 
0.21E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 0l  
0.20E + 0i  
0.18E + 01 
0.22E + 01 
0.20E + 01 
0.19E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E ÷ 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.19E + 01 
0.19E + 01 
0.18E -t- 01 
0.20E + 01 
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Table 15. Numerical  results for Example 4 (rate of convergence) with about 25% 
mesh points in the boundary layer region n = 64,128,256,512, 1024. 
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r(O) r ( t )  r(2) r(3) avg 
1/2 0.20E + 01 
1/4 0.20E + 01 
1/8 0.20E + 0l  
1/16 0.19E + 01 
1/32 0.17E + 01 
1/64 0.16E + 01 
1/128 0.16E + 01 
1/512 0.21E + 0[ 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.19E + 01 
0.18E + 01 
0.17E + 01 
0.16E + 01 
0.27E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.19E + 01 
0.18E + 01 
0,17E + 01 










01 0.20E + 01 
01 0.20E + 01 
01 0.20E + 01 
01 0.20E + 01 
01 0.20E + 01 
01 0 .19E+ 01 
01 0.19E + 01 
01 0.17E +01 
0.20E + 01 
0.20E + 01 
0.20E + 01 
0.19E + 01 
0.19E + 01 
0.18E + 01 
0.17E + 0i  
0.19E + 0 i 
7. D ISCUSSION 
We have described a numerical method for solving singularly perturbed turning point problems 
having boundary layers at one or both ends of tile underlying interval using cubic spline on 
nonuniform grid. It is a practical method and can easily be implemented on a computer to solve 
such problems. The method has been analysed for convergence. Several numerical examples have 
been solved to demonstrate the applicability of the proposed method. 
In the given mesh selection strategy, the boundary layer width ~ plays an important role. 
According to Miller et al. [18], if the solution of the homogeneous singular perturbation problem 
inw)lves the functions of the type exp ( -x /e ) ,  then ~ - O(e In (1/el) whereas, in case tile solution 
inw)lves the functions of the type exp( -x / , /7 ) ,  then d = O(v/7 I l l ( i /e)).  We used this fact 
while solving Examples 1 and 2. For Examples 1 and 2 we took ~ = O(c In ( l /c))  whereas, for 
Examples 3 and 4, we took 5 = O(a) (see [16]). 
Our mesh selection procedure needs prior knowledge of 5, hq, and K. We have chosen a as above 
whereas the other two parameters have been taken as lq = 0.001 and K = 0.01 fbr Examples 1 
and 2, t0 - 0.00001 and K = 1 for Example 3 and 4, respectively. However, the increase in 
the value of K will lead to more concentration of points near the boundaries. Moreover, for a 
fixed K, the increase in the wdue of to leads to the same conclusion. 
It can be seen from the Tables 13--15 that the rate of convergence for the problems of the type 









I I [ I 
exact sol. 
lbrn = 60 -- 
approx, sols. 1"o1" n = 120 . . . . .  
. Z~,  
I I I I 
0.2 0.4 0.6 0.8 
Figure 1, Exact and approxinmte solutions of Exan~ple 1 for ~ = 0.01 with uniforn/ 
tnesh. 






I I I I I I I I I 
exact sol. 
fo rn=60 . . . . . .  
approx, sols. for n = 120 . . . .  
{ I I I I I I I 
0. I 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 
Figure 2. Exact and approximate solutions of Example 1 for c 0.01 with about  
25% points in the boundary  layer regions. 
As is seen fl'om the Tables 1-12, the results on nonequidistant grid are better for smaller c. 
To further corroborate the applicability of the proposed method, graphs have been plotted for 
one example (Example 1) for values of x E [0, 1] versus the computed (termed as approximate) 
solutions obtained at different values of x for a fixed c. For each plot we took n - 60 and 120. 
Figure 1 is the graph, using uniform mesh throughout he region, for Example 1 for c = 0.01, 
whereas, Figure 2 is the graph which is plotted using about 25% mesh points in the boundary 
layer regions (according to the given mesh selection strategy) for the epsilon value 0.01 and 5 = 
O(e In ( l /e)).  It can be seen from Figure i that the exact and approximate solutions with uniform 
mesh are identical for most of the range except in the houndary layer regions where these two 
solutions deviate from each other for smaller c. To control these fluctuations, we took more mesh 
points in the boundary layer region and the resulting behaviom" can be seen fi'om Figure 2 for 
the corresponding values of e. The similar observation can be made for other ex~m-~ples also. 
The computations reported in this paper were done on Silicon Graphics Origin 200 (dual 
processor) operating system (in Fortran 77 in double precision with 16 significant figures) at I IT  
Kanpur. 
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